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Abstract 
In chemical, pharmaceutical or food industries many materials are available as solid intermediates and have to be converted or 
adapted in subsequent processes. In order to decrease labor and downtime, a continuous process is desired, in spite of the 
disadvantage of a distribution of the particle residence time and hence of the characteristic particle properties. Still because of 
economic reasons a continuous process is preferred while minimizing dispersion. 
The general way to determine the dispersion coefficient, indicating the degree of dispersion, is by means of the method of 
moments. A problem occurs when the measured distribution is not smooth but rather scattered or when the tail of the curve is cut. 
In this case the calculation of the dispersion coefficient becomes imprecise and other methods have to be applied. For this reason, 
an one-parametric tank-in-series model was used and fitted to the measured data. The fitted parameter was used to determine the 
dispersion coefficient. Furthermore a dynamic model based on population balances has been discretized and implemented. 
Optimization was accomplished by minimizing the difference of measured and simulated data by using the method of least 
squares. The results of all methods have been compared to each other and depicted graphically. 
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1. Introduction 
The particle residence time distribution (RTD) has great impact on many industrial processes. Products can be 
sensitive to the time of processing, for instance in drying if some product is discharged before its optimum in time it 
could still be wet and spoil. However if it exits the system after its time optimum, it can be destroyed due to 
overheating (e.g. denaturation of proteins). Therefore a wide spread in residence time around the optimum is highly 
undesirable. The overall spreading of the residence time can be represented by the dispersion coefficient D, which is 
sometimes called lateral or longitudinal dispersion coefficient. The dispersion coefficient is a measure of extended 
longitudinal back mixing, which increases with spreading of the RTD.  
There are several studies available in literature dealing with the RTD and the dispersion coefficient by varying 
several parameters. A short selection is given below. 
Nilsson and Wimmerstedt [1] investigated the residence time distribution (RTD) and the dispersion for quartz 
sand particles of three different sizes in a horizontal fluidized bed. Dispersion coefficients in the range of 0.0002-
0.0023 m2/s were measured by tracer experiments. It was discovered that the dispersion coefficient increases with 
increasing bed velocity and increasing bed height. The dispersion coefficient is increased linearly with the gas 
velocity and decreased by increasing the particle diameter. 
Satija and Zucker [2] analyzed the effects of operating parameters such as vibration amplitude, fluidization 
velocity, baffles effect and solid feed rate on the RTD. A vibro-fluidized bed dryer with the dimensions of 3.05 m x 
0.305 m was used for the experiments. The test material and tracer particles have a narrow size distribution with a 
mean diameter of 720 μm . The vibration amplitude had the most significant effect on the mean residence time 
and the dispersion coefficient. An increase in the vibration amplitude resulted in a decrease in the mean residence 
time and an increase in the dispersion coefficient. Baffles spacing has major impact on the mean residence time and 
the dispersion coefficient at high vibration amplitude. Reducing the baffle spacing decreased the dispersion 
coefficient and increased the mean residence time.  
Reay [3] investigated the RTD and the dispersion coefficient in a horizontal fluidized bed with a width of 4-10 
cm, a bed length of maximum 100 cm and an overflow weir of maximum 9 cm in the exit. The results show that the 
values of the dispersion coefficient are one order of magnitude lower than those obtained for larger bed heights. The 
particle diffusivity increased with increasing gas velocity, decreasing particle density and decreasing particle size. 
They also revealed that the dispersion coefficient is independent of bed length in shallow fluidized beds.  
Nevertheless for scale up reasons and plant design further studies of the RTD and the correlating dispersion 
coefficient have to be carried out, in order to investigate its behavior when varying different system-relevant 
parameters. 
In the literature mentioned above the attention lies on the experimental procedure in a way of varying different 
parameters followed by determining the dispersion coefficient D. So the procedure of carrying out experiments like 
these is well known as well as the general way of analyzing the obtained data via the method of moments. Hereby a 
couple of problems occur using the moments of a RTD to determine the dispersion coefficient. Given that the 
calculation is only based on the first moments of the RTD a loss of information arises, since there is an infinite 
amount of distributions described by the same first moments.  
That is why a different way for the calculation is presented, not only taking the moments but the whole 
distribution into account. To achieve this, the solutions of two models are fitted to the measured RTD data. At first a 
one-parametric tank in series model is used, without taking phenomena such as bypass or channeling into account. 
At second a dispersion model is applied solving the dispersion convection equation numerically and fitted to the 
measured RTD data using the method of least squares. A characterization of each method as well as their advantages 
and disadvantages, concerning the results of the determined dispersion coefficient, are in focus of the present work. 
 
2. Experimental 
For determination of the dispersion coefficient in a horizontal fluidized bed, a tracer measurement has been 
conducted, determining the tracer concentration in the outlet over time. Therefore all relevant parameters such as 
feed rate, gas velocity and exit weir height have been set. When the rate of discharging is constant after a certain 
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time and equals the feed rate the steady state is reached. In this case a certain mass of tracer is injected as an impulse 
into the inlet of the fluidized bed and the first sample at the exit of the system is taken. Every minute one sample is 
taken for 5 seconds until the process is finished. When the last sample is taken, the plant is switched off and the 
holdup and the product mass are weighed. The amount of tracer particles has been counted by hand and eye and the 
total concentration of tracer in the sample has been determined. The set parameters of the experimental data 
discussed later is shown in Table 1. The bed length and width equal 1 m and 0.2 m, respectively and a perforated 
distributor plate with an open area of 6.6% has been used. A scheme of the experimental plant is given in Figure 1. 
Table 1: System-relevant parameters set for the measured RTD curve. 
feed rate [kg/min] gas velocity [m/s] exit weir height [m] material particle size [mm] 
1 1.9 0.175 γ-Alumina 1.8 
 
 
 
 
 
Figure 1: The experimental equipment is sketched, depicting all important installations and mass flows. The length and width of the 
equipment equals 1 m and 0.2 m, respectively. 
 
 
3. Analysis of experimental RTD data 
The tracer concentration of a single sample at a certain time ti  
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is generally calculated by the ratio of the tracer mass mtracer and the mass of the total sample mtot. This 
concentration divided by the initial concentration of tracer at the time of injection gives the E-function 
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Alternatively the E-function can be determined as follows including a certain disadvantage. In this way the recovery 
is neglected since the E-function equals the ratio of the tracer concentration in each sample and the sum of the 
concentration of all samples, so the actual found tracer but not the actual used one. 
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3.1 Method of moments (MOM) 
The general way to determine the dispersion coefficient is by using the relevant moments 
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The mean residence time can then be calculated by the ratio of the first and zeroth moment 
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and the variance of the RTD by 
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By solving the following implicit equation (7) of Kunii and Levenspiel [4] the dispersion coefficient can be 
determined as follows, 
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with 
RTD
Lu  W  and the length of the fluidized bed L. 
3.2 Tank-in-series model 
Assuming the system can be represented by a certain number N of continuously stirred tank reactors (CSTR) 
without dead zones and bypassing, the E-function can be calculated by the following equation 
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derived by MacMullin and Weber [5], including the dimensionless time i it /T  W as well as the dimensionless 
concentration . Due to the simple relation 
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the dispersion coefficient can be easily calculated using equation (7) with a mean residence time calculated by  
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The feed particle flow rate           is fixed and known as well as the holdup mass           that can be determined 
easily by weighing after every single experiment. Since there can be decimal numbers for N in theory, the Stirling 
approximation  
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has been chosen to be able to calculate the factorial in equation (8). 
 
3.3 Dispersion model 
Using the partial differential (PDE) and conservation equation also known as diffusion-convection equation 
 
2
2
C C CD u
t x x
w w w w w w                                                                                               > @x 0,L  (12) 
the dispersion coefficient D can be determined since the mean particle velocity u is known due to the relation of 
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and the characteristic length L of the fluidized bed equals 1. 
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4. Results 
For comparison reasons two RTDs have been generated by manipulating the original and measured curve. At first 
a scattered curve with the same mean residence time and area as the original RTD was created. Furthermore the 
second generated curve equals the original curve but is cut after 540 seconds, so that the tail of the distribution is 
missing. The results of the three methods for the original and scattered RTDs as well as for the curve with missing 
tail are presented below. 
4.1 Method of moments (MOM) 
When using a certain method for analyzing the RTD data several problems can occur. The easiest and fastest 
method is the method of moments. However using only the first two moments of any distribution to describe it 
causes errors since there is an infinite number of distributions with the same first and second moment (loss of 
information). Furthermore a strongly scattered RTD curve or a missing tail of the distribution leads to a highly 
differing dispersion coefficient. 
The calculation of the dispersion coefficient D of the measured data set (+) depicted in Figure 2 (a) using the 
MOM results in 9.9x10-4 m²/s, whereas the result for the measured data set with missing tail (Figure 2 c) equals 
4.3x10-4 m²/s. The dispersion coefficient D for the scattered data set (Figure 2 b) equals 8.8x10-4 m²/s, even though 
the area under the curve equals the measured one. In terms of percentage, assuming the value of the original 
distribution is 100%, D of the data set with missing tail equals to 44% and of the scattered data set to 89% using the 
method of moments. Due to this apparent fluctuation of the target value D the method of moments is considered to 
be arguable at least for these types of RTDs. 
4.2 Tank-in-series model (TIS) 
The TIS is a simple model which considers the number of equal tanks in series as the only parameter. Therefore it 
can be applied for determining the dispersion coefficient D from a RTD. However this model allows an accurate 
reproduction of the measured RTD data only in a certain range, whereby the reason lies exactly in its simplicity and 
assumptions.  
In Figure 2 the three example distributions are depicted as well as the fitted functions of the TIS model (dashed 
line). The function fitted to the original one results (a) in 2.54 tanks in series, which results in a dispersion 
coefficient of 7.2x10-4 m²/s. The TIS calculation of the scattered curve (b) results in 2.63 as the number of tanks and 
furthermore equal to a dispersion coefficient of 6.8x10-4 m²/s. The calculated N and D for the cut curve (c) result in 
2.53 and 7.2x10-4 m²/s, respectively. On the one hand the ratios of the dispersion coefficients to the calculated D of 
the original curve equal 1.01 (a/b) and 0.95 (c/b) indicating a high precision. On the other hand the sum of the least 
squares, as a degree of fit quality, varies from 0.1 - 0.44 1/s, which indicates a poor fit and is apparent on the graph. 
 
4.3 Dispersion model 
Solving the dispersion model is another method to determine the dispersion coefficient of a RTD. The equation 
was discretized using the finite volume method (FVM) with the upwind scheme, an initial condition containing a 
peak in the first cell and the Danckwerts boundary conditions [6] (closed system). This generated set of ordinary 
differential equations (ODE) has been solved in MATLAB using the solver ode15s, an equidistant grid (1500 cells) 
and a flux limiter function, since the peak in the initial condition could cause sharp changes during the solution.  
The method of least squares has been used to fit the calculated residence time density function of the dispersion 
and the tank in series model to the experimental data. Therefore after every solution the value of the least squares 
was checked and the dispersion coefficient D or the number of tanks N was varied, until it was minimized within a 
certain tolerance.  
The problem hereby is the complex discretization, implementation and a long computing time in comparison to 
the methods mentioned before. Nevertheless it involves high precision and a good fit as shown in Figure 2. 
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The results for the original curve (a) is 8.9x10-4 m²/s and for the scattered RTD (b) 7.9x10-4 m²/s, respectively. 
The experimental concentration curve and the calculated curve for the RTD with missing tail is depicted in c, 
whereas D equals to 9.2x10-4 m²/s. The sums of the least squares result in the range of 6.8x10-5-2.1x10-3 indicating a 
good fit in comparison to the fit of the TIS, which can be seen by eye.  
 
 a 
 
 
b 
 
c 
 
 
 
 
Figure 2: In the subfigures a to c the measured distribution is depicted (+), starting with a measured and smooth RTD (a) to a scattered 
distribution (b) to a cut distribution with missing tail (c). The dashed lines show the results for the fitted one-parametric model, whereas a 
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poor fit, especially in a and c is obvious. The solid line presents the numerical solution of the dispersion model fitted to the measured 
data.  
5. Summary and Conclusion 
It has been shown in the present paper that there are several ways to determine the dispersion coefficient from a 
residence time distribution. In the following Table 2 the results of the three different methods are depicted. 
 
Table 2: Dispersion coefficient and sum of least squares of the different methods for each RTD curve 
 MOM (method of moments) TIS (tank in series) Dispersion model 
 original scattered cut tail original  scattered cut tail original  scattered cut tail 
D [m²/s] 
x10-4 
9.9  8.8  4.3  7.2  6.8  7.2  8.9  7.9  9.2  
sum of 
squares 
   0.14 0.44 0.11 1.6x10-4 21x10-4 8.54x10-4 
 
In the first place the method of moments has been introduced. It achieved passable results but proved to be fragile 
in case of scattered curves and even more in case of cut RTDs, e.g. due to missing tails because of less sampling. 
Even though the MOM can be used for rough approximations of smooth curves since it is easy and fast. However in 
the case of a bubbling fluidized bed with Geldart D particles and huge holdup a scattered RTD is quite common.  
In the second place a simple tank in series model (TIS) was introduced and fitted to the experimental data. The 
advantage on one hand is a low calculation time and an easy implementing of the model. On the other hand due to 
its simplicity the fit was not particularly satisfying resulting as well in dissatisfying dispersion coefficients.  
In the last place, a solution of the dispersion convection equation, implying closed boundary conditions and a 
peak inlet initial condition, was presented. Even though there is a complex discretization and implementation 
involved and a long computing time needed, the results are promising. A very good fit was achieved resulting in 
sums of least squares from 2x10-3 and lower. The dispersion coefficients for the original and the cut RTD with 
missing tail are almost similar resulting in 8.9x10-4 m²/s and 9.2x10-4 m²/s, respectively. The result of the example 
curve with a highly scattered RTD is acceptable leading to a dispersion coefficient of 7.9x10-4 m²/s. 
 
 
In the end one has to consider the aspect of experimental time and analyzing time (counting of single particles in 
samples), the effort of data analyzing and the aspired precision. A high precision requires time consuming 
experiments and analysis. Therefore the determination of the dispersion coefficient solving the dispersion-
convection equation is advisable. Nevertheless the method of moments can be used for rough and fast prediction of 
the dispersion coefficient. 
Acknowledgment 
 
The author gratefully acknowledges the funding of this work by Forschungs-Gesellschaft-Verfahrens-Technik, 
GVT. 
 
Nomenclature   
C concentration  kgtracer/kgtotal 
m mass kg 
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t time s 
E E-function 1/s 
μ moment -, s, s², s³,… 
W  mean residence time s 
σ2 variance s² 
u mean particle velocity m/s 
L bed length m 
D dispersion coefficient m²/s 
N number of tanks in series - 
θ dimensionless time - 
m  mass flow rate kg/s 
x coordinate m 
Indices   
tracer  tracer 
tot  total 
i  control variable 
in  inlet 
r  variable indicating the number of a moment 
RTD  residence time distribution 
holdup  holdup 
feed  feed 
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